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Cover photograph by Christiane Grimm, Geneva, Switzerland.

Experimental set up by Prof. Libero Zuppiroli and Philippe Bugnon,
Laboratory of Optoelectronics Molecular Materials, EPFL, Lausanne,
Switzerland.

The photograph captures an experiment first described by Isaac Newton
in Opticks in 1730, explaining how the white light can be split into its
color components and then resynthesized. It is a physical implementa-
tion of a white light decomposition into its Fourier components—the col-
ors of the rainbow, followed by a synthesis to recover the original. This
experiment graphically summarizes the major theme of the book—many
signals can be split into essential components, and the signal’s charac-
teristics can be better understood by looking at its components; the
process called analysis. These components can be used for processing
the signal; more importantly, the signal can be perfectly recovered from
those same components, through the process called synthesis.
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Fundamental subspaces associated with matrix A

The four fundamental subspaces associated with a real matrix A € RM*N_ The
matrix determines an orthogonal decomposition of RY into the row space of A and
the null space of A; and an orthogonal decomposition of R™ into the column space
(range) of A and the left null space of A. The column and row spaces of A have
the same dimension, which equals the rank of A. (Figure inspired by the cover
of G. Strang. Introduction to Linear Algebra. http://math.mit.edu/linearalgebra/,
4th edition, 2009.)

RN RM
A
row space column space
R(AT) R(A)
AT
AT A
null space>< .
N(A) €
null space
N(AT)
R(AT) L N(A)
dim(R(AT)) + dim(N(A)) = N R(A) L N(AT)
dim(R(A)) + dim(N(AT)) = M
Space Symbol Definition Dimension
Column space (range) R(A) {y e CM | y = Az for some z € CN} rank(A)
Left null space N(AY) {yeCM | A*y = 0} M — rank(A)
dim(R(A)) + dim(N(A*)) = M
Row space R(A™) {x € CN |z = A*y for some y € CM}  rank(A)
Null space (kernel) N(A) {zx € CN | Az = 0} N — rank(A)

dim(R(A*)) + dim(N'(A)) = N
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Discrete-time processing concepts

Concept Notation Infinite-length sequences Finite-length sequences
Shift On—1 linear circular
Sequence Tn nez ne{0,1,...,N—1}
vector
LSI system hn nezZ ne{0,1,...,N —1}
filter, impulse response
operator
N-1
Convolution h*x Z Trhn_k Z TrhN, (n—k) mod N
kezZ k=0
Eigensequence v eJwn e (2m/N)kn
satisfies hx vy = Avy h*vw:H(ej“’)vw h*v, = Hp v
invariant space S Sw = {ael*m} Sp, = {oed 2T/ N)kny
aceCwelR acCkeZ
Frequency response A Ao = H(e7¥) A, = Hy,
N-1
eigenvalue Z hne d9n Z hne—d(2m/N)kn
nez n=0
Fourier transform X DTFT DFT
N-1
spectrum X(ejw) = Z o X, = Z xpe I 2T/ N)kn
nez n=0
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Multirate discrete-time processing concepts

Concept Expression

Sampling factor 2

Input zn, X(2), X (e7*)
Downsampling by 2 Yn = T2n
y=Dox

Y(z) =(1/2) [X(zl/2) +X(—zl/2)]
Y (e9¥) = (1/2) [X(ejw/2) +X(ej(W727r)/2):|

Upsampling by 2 Yn = Tpj/2, M even;.
0, otherwise.
y=Usx
Y(2) = X(z%)

Y(ejw) — X(ej2u/)
Filtering with A y=DsHzx
Y(z) = (1/2)3 [H(Zl/z)x(zl/z) n H(—Zl/Q)X(—Zl/2)]

Y(e9) = (1/2) [H(E@)X (/) + H(@ @20/ X (@ 720/7)]

& downsampling by 2

Upsampling by 2
& filtering with g

Sampling factor N

Input

Downsampling by N

Upsampling by N

y=GUazx
Y (2) = G(2)X (2?)
Y(e/¥) = G(e7¥) X (72)

xn,X(z),X(ej“’)

Yn = TNn
y=Dnz
N-1
Y(2) = (1/N) Y X(wi="N)
k=0
] N-1
Y(e’*) = (1/N)
k=0
Tn/N> n/N € Z;
Yn = .
0, otherwise.
y=Unzx

Y(z) = X(zV)
Y(e/¥) = X(eINv)

X(ej(wf%'rk/N))
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Kronecker delta sequence properties

Kronecker delta sequence

Normalization Z on =1
nez

Sifting Z Tng—ndn = Z Ong—nTn = Tng
nez nez

Shifting T *n On—ng = Tn—ng

Sampling T On = T0 On

Restriction Ty Op = lioy

Dirac delta function properties

Dirac delta function

oo
Normalization / o(t) dt =1

—0o0

Sifting / T a(to — 1) 8(t) dt = / T a() 8lto —b) dt = w(to)
Shifting :v&(;o*t 0(t —to) = x(t — 1&07)OQ
Sampling x(t) 6(t) = z(0) 4(t)

Scaling 4(t/a) = |a|] 6(t) for any nonzero a € R
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Ideal filters with unit-norm impulse response

Ideal filters Time domain DTFT domain
< .
Ideal lowpass filter v/ “o sinc(won/2) V2 /wo, |w| < WIO/Z
2m 0, otherwise.
N < x/N;
Ideal Nth-band filter (1/V/'N) sinc(zn/N) VN, |w| < 7T/ ;
0, otherwise.
2 <7/2
Ideal halfband lowpass filter (1/V/2) sinc(wn/2) V2, |w| < 7T/ ;
0, otherwise.

Unit-norm box and sinc functions/sequences

Functions on the real line FT
z(t), teR, |[z]=1 Xw), weR, |IX|=v2r
< .
Box 1V, It < to./2, V1o sinc (wt/2)
0, otherwise.
V2 < 2;
Sinc ,/@ sinc(wot/2) m/wo, |l < w.O/ '
27 0, otherwise.
Periodic functions FS
:B(t), te [_T/27T/2)7 ”"EH =1 ka ke Z7 ”X” = 1/\/T
< ; t,
Box Vo, It < to./2, —\/_0 sinc (mwkto /T)
0, otherwise. T
i [ ko sinc(mkot/T) 1/VkoT, |kl < (ko —1)/2;
inc -
T sinc(nt/T) 0, otherwise.
Infinite-length sequences DTFT
Tn, TLGZ, H:B” =1 X(ejw)v w e [_ﬂ-vﬂ-)’ HXH =Var
Box 1/y/no, |n| < (7.L0 —-1)/2 - sir?c (wno/2)
0, otherwise. sinc (w/2)
V2 < 2;
Sinc ‘/@ sinc(won/2) m/wo, |l < w.O/ '
27 0, otherwise.
Finite-length sequences DFT

Tn, ne{ovlva_1}7 HZ'”:l ka k6{0,177N—1}7 IIX”:\/N

_ > _ : i
Box 1/y/no, |n N./2| > (no—1)/2; \/%5111.0(7rn0k/N)
0, otherwise. sinc (7k/N)

Sinc \/E sinc (mnko/N) /Niko, |k—N/2|> (ko—1)/2;
N

sinc (mn/N) 0, otherwise.
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Energy and power concepts for sequences

Deterministic sequences WSS discrete-time stochastic processes

Energy spectral density Power spectral density
A@EI®) = [X(e7)? A@*) = S Elxnx;_jle 7o
keZ

Energy Power

1 /" ; 1 [~ ;
E = — A(e??) dw P = — A(e??) dw

2 J _» 2 ) _n
E =ay = Y |eal? P = ay = E[|xn|?]

nez

Orthogonality concepts for sequences

Deterministic sequences ‘WSS discrete-time stochastic processes

Time Ca,y,k = (@, yn7‘k>n =0 ] Cxy.k = E[xny;_]=0
Frequency Cgy(e?¥) = X(?°)Y™(?¥) =0 Cxy(e?¥Y)=0
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Deterministic discrete-time autocorrelation/crosscorrelation

properties
Domain Autocorrelation/Crosscorrelation Properties
Sequences Tn, Yn
Time an D okez Tk Th_, an =a*,
cn Ckez Tk Vi Caym =y, —n
DTFT A(eI%) | X (e7%))? A(eI%) = A*(7¥)
ClE™)  X(e*)Y*(el¥) Cay(e) = C; ()

z-transform  A(z) X(2) Xu(z™h)
C(z) X(2)Ya(z™1)

A(z) = Au(z7h)
Cay(2) = Cyas(277)

DFT Ay | X |2 Ap = A" L od N

Cg Xk Yk* Cr = C;,x,—k mod N
Real sequences Tn, Yn
Time an ZkEZ Tk Th—n an = G—n

Cn Zkez Tk Yk—n Cx,y,n = Cy,x,—n
DTFT A(ej“’) \X(ej“’)|2 A(ej“’) = A(eij“’)

C(e?)  X(e7%)Y(em¥) Cay(¢7¥) = Cy,a(e™7%)
z-transform  A(z) X(z)X(z71 A(z) = A(z7h

C(2) X(2)Y(z"h) Cay(2) = Cy,a(z7")
DFT Ak | X |2 A =A_kmod N

C X Y Crk =Cy ¢,k mod N

T
Vector of sequences [mom wl,n]

Time An ao,n €0,1,n
_Cl,O,n al,n
) [ Ag(eiw
DTFT Ael®) 0(e’)
_Cl,O(er)
z-transform  A(z) Ao(2)  Coa(2)
1Cro(z)  Ai(2)
DFT A, Aok Cok
1Crok Ak

Co,1(e7)
Al(ej“’)

|

Ap = A,
An = AT

A(eIw) = A*(eI@)
A(ej‘*’) = AT(e’j‘*’)
A(z) = Au(z7Y)
A(z) = AT (z71)

— *
A = Afk mod N
_ AT
A = Afk mod N
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Discrete/continuous Fourier transform summary

Transform Forward/Inverse Duality /Periodicity
e .
) X(w) / x(t) e It dt
Fourier —oo
1 [ ;
transform (t) 1 X (w) ¥t dow
27 J_ o
1 T/2 .
Xk — / x(t) eI/ Tk gt
Fourier TJ) 1/2 dual with DTFT
series z(t) Z Xy e 27/ Tkt z(t+T) = z(t)
keZ
X (ed%) an e~ Iwn
Discrete-time nel dual with Fourier series
Fourier transform zn 1 X (99) 9 du X (7@ t2m)y = X (7))
2r J_n
N-1
X} T e*j(QTr/N)kn
Discrete 7;0 "
Fourier transform p N1 o /N
T NZXkeJ( n/N)kn
k=0
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Discrete Fourier transform (DFT) properties

DFT properties Time domain DFT domain
Basic properties
Linearity ary + Byn aXg + BYy
Circular shift kn,
in time T(n—ng) mod N WN OXk
Circular shift —kon
in frequency Wy an X(k—ko) mod N
Circular time reversal T_p mod N X _kmod N
Circular convolution
in time (h®z)n Hy X
Circular convolution o @ 1 (H @ X)
in frequency nen N k
N-1
Circular deterministic _ _ 2
autocorrelation Gn = Z Tk w?’C*”) mod N Ap = | X
k=0
Circular deterministi =
ircular deterministic _ * _ *
crosscorrelation En = Z Tk Y(k—n) mod N Cr = X Yy
k=0
N-1 1 N-1 1
) . 2 _ 2 _ L 2 _ L 2
Parseval’s equality [|z]]* = Z |xn|® = N Z | Xk|* = I [1X]|
n=0 k=0
Related sequences
Conjugate xy, Xk mod N
Conjugate, time reversed X mod N X
Real part R(zn) (X + X 4 moda v)/2
Imaginary part S(zn) (X — X* 1 mod N)/(27)
Conjugate-symmetric part (xn + 2%, hoa N)/2 R(Xk)
Conjugate-antisymmetric part (zn — 27, moa N)/(27) S(Xk)
Symmetries for real =
X conjugate symmetric X =X") nod N
Real part of X even R(Xk) = R(X_k mod N)
Imaginary part of X odd S(Xk) = —S(X—k mod N)
Magnitude of X even | Xkl =Xk mod NI
Phase of X odd arg X = —arg X _g mod N
Common transform pairs
Kronecker delta sequence on 1
Shifted Kronecker delta sequence  6(n—ng) mod N Wllf,"”
Constant sequence 1 Nogs
Geometric sequence a” (1- aWﬁN)/(l — aWJIf;)
T ; / ko—1
Periodic sinc sequence k_O sinc (mnko/N) %7 ‘k - %‘ > 0=
(ideal lowpass filter) N sinc (mn/N) 0, otherwise.

1 N ng—1 .
i Bt k/N
Box sequence Vo’ ‘n 2 ‘ - 2 Vno M
0, otherwise. sinc (rwk/N)
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Fourier series properties

F'S properties Time domain F'S domain

Basic properties

Linearity ax(t) + By(t) aX + BY;
Shift in time x(t — to) e~/ Tkto x
Shift in frequency eI 2T/ kot (4 X(k — ko)
Time reversal z(—t) X &
Differentiation d"z(t)/dt" (j2rk/T)" Xy,
t
Integration / (7)) dr (T/(527k)) Xk, Xo =0
-T/2
Circular convolution in time (h ® z)(t) T Hy Xy,
Convolution in frequency h(t) z(t) (H * X)g
. e T/2
Circular deterministic a(t) = e(r)a* (r — t)dr Ay =T |Xx|?
autocorrelation ~ o) k= k
Circular deterministic c(t) = T/2 a(r)y* (r — t) dr Ch =T XY
crosscorrelation - —T/2 Y k= kT
T/2
Parseval’s equality l|lz||? = / 22 dt =T > |Xi|? =T X]|?
—T/2 kez
Related functions
Conjugate ™ (t) X,
Conjugate, time reversed z*(—t) X
Real part R(z(t)) Xk +X2p)/2
Imaginary part S(z(t)) (Xk — X))/ (29)
Conjugate-symmetric part (z(t) + =" (—1))/2 R(Xk)
Conjugate-antisymmetric part  (x(t) — z*(—t))/(25) S(Xk)
Symmetries for real =
X conjugate symmetric Xp=X*,
Real part of X even R(Xy) =R(X_k)
Imaginary part of X odd S(Xk) = —-S(X—k)
Magnitude of X even [ Xk = | Xkl
Phase of X odd arg X = —arg X _g
Common transform pairs
Dirac comb Z o(t —nT) 1/T
nez
Periodic sinc function /@ sinc(mkot/T) 1/VkoT, |k| < (ko —1)/2;
(ideal lowpass filter) T sinc(nt/T) 0, otherwise.
Box function 1/Vito, |t] <to/2; Vio .
(one period) { 0, to/2 < |t| < T/2. e (mkto/T)
Square wave -1, te[-1/2,0); 2j/(rk), Kk odd;
(one period with T'= 1) 1, te[0,1/2). 0, k even.
riangle wave 1 2 .
(one period with T'= 1) s It =172 1/(nk)*,  k odd;
0, k # 0 even.

Sawtooth wave

0, k=0;
(one period with T'= 1) 2, Jt < 1/2. {

J=1F (k) k#o.
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z-transform properties

z-transform properties

Time domain

z domain

ROC

ROC properties

Basic properties

Linearity
Shift in time
Scaling in time

Downsampling

Upsampling

Scaling in z
Time reversal
Differentiation

Convolution in time

Deterministic
autocorrelation

Deterministic
crosscorrelation

Related sequences

Conjugate

Conjugate, time reversed
Real part

Imaginary part

Symmetries for real =

X conjugate symmetric

Common transform pairs

Kronecker delta sequence
Shifted Kronecker delta sequence
Geometric sequence

Arithmetic-geometric sequence

General seq.
Finite-length seq.
Right-sided seq.
Left-sided seq.
BIBO stable

axn + Byn

Tn—mng

TNn

{ zn N, n/N €L
0, otherwise.

anxn

T—n

nFz,

aX(z)+ BY (2)

X(a™12)
X(z"h
(—1)*2k 8k X (2) /02"

my = Z n*zn, = (=) 0F X (2) /02" -

nez
(h*2)n

an = E T Tf_p,

kEZ

*
Cn = § Tk Yp—n

kEZ

On

677,777,0

o™ un
—a"U—p_1

na™un

—naoau_p_1

H(z)X(z)
Az) = X(2) Xu(z7h)

C(z) = X(2) Yu(="1)

X*(2%)

X.(z71)

(X(2) + X7(2"))/2
(X(2) = X*(2"))/(29)

X(z) = X" (%)

1
1/(1 —az™?)

—ng

(azil)/(l - a271)2

0<ri<lz|<ra <o

all z, except possibly 0, co
|z| > largest pole

|z| < smallest pole
Dlzl=1

5 ROC, NROC,
ROC,

(ROC,)Y/N

(ROC,)N

|| ROCy
1/ROC;
ROC,

S ROC), NROC,
ROC, N 1/ROC,

1/ROC; NROC,

ROC,
1/ROC,
ROC,
ROC,

all z

all z, except possibly 0, co
12 > |a

2] < la]

12 > la]

121 < Ja
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DTFT: Discrete-time Fourier transform properties

DTFT properties

Time domain

DTFT domain

Basic properties
Linearity
Shift in time
Shift in frequency
Scaling in time
Downsampling

Upsampling
Time reversal

Differentiation in freq.
Moments

Convolution in time
Circular convolution in frequency

Deterministic autocorrelation

Deterministic crosscorrelation

Parseval’s equality

Related sequences
Conjugate
Conjugate, time reversed
Real part
Imaginary part
Conjugate-symmetric part
Conjugate-antisymmetric part
Symmetries for real z
X conjugate symmetric
Real part of X even
Imaginary part of X odd
Magnitude of X even
Phase of X odd
Common transform pairs
Kronecker delta sequence
Shifted Kronecker delta sequence

Constant sequence

Geometric sequence

Arithmetic-geometric sequence

Sinc sequence
(ideal lowpass filter)

Box sequence

axn + Byn

Tn—ng
edwon o

TNn

Typ/N, = £N; 0, otherwise
T—n

(_]n)k Tn

my = anmn = (—j)
nez

(h*x)n

hn Tn

an = Z T Ty,
kel

Cn = Z Tk y;,n
keZ

L OX(e7*)
ow

aX(e’) + BY (%)
e~ Jwno X(ejw)
X (ed(wwo)y

1 N—-1 )

N Z X(ej(wf?rrk)/N)
k=0

X(egNw)

X(e7Iv)

O* X (e7¥)
1wk

w=0

() X (1)

o (H @ X)()
A7) = X (e3)2

O(eh*) = X(9%) Y* (e7¥)

1 /7 ; 1
el = Sleal? = - [ 1X () dw = 5 X2
—T

nez
*
n

ZB*

R(zn)

S(zn)

(zn +2%,,)/2
(zn —22,)/(27)

T

on
5n—n0

1
a"un
naun

1/ “o sinc(won/2)
2m

{ 1/y/mo, In| < (no —1)/2;

0, otherwise.

X*(e77%)

X*(e7)

(X(e?%) + X" (e77%))/2
(X (&) — X" (e™7%))/(29)
R(X(e”))

(X (™))

X(e7¥) = X*(e™7%)

R(X (%)) = R(X (7))
I(X (%)) = =I(X(e77))
X ()] =[X(e™?)
arg X (e/%) = —arg X (e™7%)

1

e~ Jwno

2 Z O(w — 27k)

k=—o00
1/(1 — ae™7¥), lof <1
ae /(1 — ae 92 ol < 1

V2m/wo, |w| < wo/2;
0, otherwise.

sinc (wno/2)

Vo sinc (w/2)
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Fourier transform properties

FT properties Time domain FT domain
Basic properties
Linearity azx(t) + By(t) aX(w) + BY (w)
Shift in time z(t — to) e Iwt0 X (w)
Shift in frequency eI@0t 2(t) X(w —wo)
Scaling in time and frequency  z(at) (1/a)X (w/@)
Time reversal z(—t) X(—w)
Differentiation in time d"x(t)/dt" (Jw)" X (w)
Differentiation in frequency (—gt)"z(t) d" X (w)/dw™
i
Integration in time x(r)dr X(w)/jw, X(0)=0
— 00
> d" X
Moments my = / thFx(t) dt = (5)F @)
— oo dwk w=0
Convolution in time (h *z)(t) H(w) X (w)
Convolution in frequency h(t) z(t) o (H * X)(w)
™

Deterministic autocorrelation
Deterministic crosscorrelation

Parseval’s equality

Related functions
Conjugate
Conjugate, time reversed
Real part
Imaginary part
Conjugate-symmetric part
Conjugate-antisymmetric part
Symmetries for real =
X conjugate symmetric
Real part of X even
Imaginary part of X odd
Magnitude of X even
Phase of X odd

Common transform pairs
Dirac delta function
Shifted Dirac delta function

Dirac comb

Constant function
Exponential function
Gaussian function
Sinc function

(ideal lowpass filter)

Box function

Triangle function

a(t) = /jo z(r)z*(r —t)dr  Aw) = | X (w)|?
c(t) = /700 z(T)y*(r —t)dr Cw) = X(w)Y*(w)

ll? = ()] dt = — X (@)? dw = — || X]|?
2
—o0 T J—oc0o 2w

z”(t) X*(-w)

z" (=) X" (w)

R(z(t)) (X (w) + X" (-w))/2
S(z(1)) (X(w) = X™(=w))/(24)
(2(t) + 27 (=1))/2 R(X (w))

(z(t) — z"(=1))/(24) S(X(w))

X(w) = X" (~w)
R(X(w)) = R(X(-w))
S(X (W) = =3(X(-w))
X ()] = [X(=w)]

arg X (w) = — arg X (—w)

5(t) 1

8(t — to) e~ Jwot

> 8t —nT) 27/T) > 8(w — (21/T)k)
nez keZ

1 27 6(w)

e—altl (20)/(w* +a?)

e ot \/W/aef“’z/a
20 sinc(wot/2) Verjwo, |w| < U{O/2§
21 0, otherwise.
1/Vto, |t] <to/2; )
0, otherwise. Vo sinc (wto/2)
1— ¢, |t] <1;
0, otherwise.

(sinc (w/2))?




